This paper considers the wide-spacing approximation when applied to two-dimensional linear problems involving the scattering and radiation of water waves by structures in a fluid of infinite depth. The approximation is set into the context of a formal expansion procedure and an extended approximation is obtained. The extended approximation significantly improves the accuracy of calculations for submerged structures when compared with the standard approximation procedure based on plane-wave interactions.
Introduction
The wide-spacing approximation treats hydrodynamic interactions between structures within a range of linear water-wave problems by the neglect of evanescent fields, so that the interactions are described only through plane waves. In the context of two-dimensional problems, Newman [1] gives a general description of the approximation for scattering problems in water of either finite or infinite depth, with possible application to both multiple distinct structures and to long structures. Subsequently, there have been many applications of the approximation, including to wave-power absorption by independently-oscillating structures [2] , sloshing problems [3] , wave propagation over ripple beds [4] , and the motion of a structure near a wall [5] .
This paper is specifically concerned with the two-dimensional problem of hydrodynamic interactions between two distinct, widely-spaced cylinders in water of infinite depth with a free surface. The aim is to place the wide-spacing approximation within a formal expansion procedure, and to give an extended wide-spacing approximation that accounts for the leading-order interaction arising from an evanescent field. Martin [6, section 8.5.2] notes that, in infinite depth, an evanescent field decays along the free surface like the inverse square of the distance from a source of scattered and/or radiated waves, and hence the leading-order effect of an evanescent field in the extended approximation is inversely proportional to the square of the separation. To distinguish this extended approximation from the standard approximation based solely on plane-wave interactions, the respective abbreviations EWSA and WSA will be adopted throughout this paper.
Martin [7] considered the two-dimensional problem of scattering by two surface-piercing cylinders of fairly general cross section using the null-field method, and showed that the WSA requires that the spacing between the cylinders be much greater than both the wavelength and a typical cylinder size. By adopting these assumptions it is possible to devise a scheme of matched asymptotic expansions that is similar to the high-frequency method devised by Leppington [8, 9] , and subsequently used by Alker [10] to treat a class of problems involving multiple cylinders. In [10] the cylinders are not assumed to be widely spaced and this leads to a complicated outer problem that, in general, cannot be solved easily, if at all other than by numerical methods. However, in this work the wide-spacing assumptions are adopted and this much simplifies the outer problem and, to the order considered here, the EWSA yields expressions in terms of standard hydrodynamic quantities for the cylinders in isolation which means that numerical calculations are straightforward. In the chosen solution scheme only a single small parameter, essentially the ratio of the wavelength to cylinder spacing, appears explicitly. The assumed magnitude of the second important quantity, the ratio of cylinder spacing to size, is used implicitly in the decomposition of the fluid domain.
The plan of the paper is as follows. The problem is formulated and the matching scheme explained in section 2. The wide-spacing approximations for two cylinders will be given in terms of the hydrodynamic properties of individual cylinders and the notation needed to do this is explained in section 3. Some subsidiary scattering problems are solved in section 4 and these are used to solve scattering problems in section 5 and radiation problems in section 6; comparisons of the WSA and EWSA with boundary-element calculations are presented. Finally, in section 7, conclusions are drawn and further work is discussed.
Formulation
Two horizontal cylinders of arbitrary cross section are in a water layer of infinite depth and each cylinder may be either fully submerged or intersect the free surface. The indices {1, 2} are used to identify the cylinders and their wetted surfaces are denoted by Γ j , j ∈ {1, 2}. In the definition sketch shown in figure 1 the cylinders are shown as intersecting the free surface and each intersection point is labelled as A, B, C or D. This is done to allow direct comparison with the work of Alker [10] . However, whereas for the problems considered in [10] the intersection points are of particular significance, here the labelling will be used purely to indicate the direction of travel of plane waves relative to a cylinder irrespective of whether or not it intersects the free surface. A two-dimensional rectangular coordinate system (x, y) is used with origin O in the undisturbed free surface F and y directed vertically downwards. In addition, local origins O j , j ∈ {1, 2}, a distance l apart are located in the free surface so that O j is a distance of order a from all parts of cylinder j, where a is a typical dimension of the cylinders. Local coordinates x j are measured horizontally from each O j . In the case that a cylinder is submerged, it is assumed to be within a distance from the free surface that is much less than l, and hence the theory here does not apply to deeply-submerged cylinders.
Small-amplitude, time-harmonic motions of radian frequency ω are considered and the corresponding infinite-depth wavenumber is K = ω 2 /g, where g is the acceleration due to gravity. The wide-spacing assumptions to be adopted here are that l/a 1 and Kl 1, so that the spacing l is much greater than both the cylinder size a and the wavelength 2π/K. A convenient small parameter is ≡ 1/Kl 1 and the aim is to obtain asymptotic expansions in terms of . The coefficients within the asymptotic expansions depend on Ka, the magnitude of which will remain unspecified other than to say it should be consistent with the initial assumptions. Because of the assumption Kl 1 it is possible to adopt a variation on the scheme of matched asymptotic expansions for two-dimensional high-frequency problems first formulated by Leppington [8, 9] , and applied to multi-cylinder problems by Alker [10] . The second parameter l/a is not used explicitly, but its assumed size is used to inform the decomposition of the fluid domain.
Under the standard assumptions that the fluid is inviscid and incompressible and the flow is irrotational, the fluid motion may be described by a potential Re ϕ(x, y)e −iωt . The complexvalued function ϕ is harmonic and satisfies the linearised free-surface condition
and an appropriate radiation condition; it is also required that|∇ϕ| → 0 as y → ∞. The boundary conditions to be applied on Γ 1 and Γ 2 will be specified when they are needed.
Decomposition of the fluid domain and the matching principle
The fluid domain is covered by overlapping regions and asymptotic approximations are sought within each region. The outer region is at distances much greater than both a and 1/K from the structures and free surface. The length scale for the motion in this region is l so that it is appropriate to introduce non-dimensional coordinates
It is also convenient to use non-dimensional horizontal coordinates ξ j = x j /l and complex variables ζ j = −η + iξ j , j ∈ {1, 2}. Thus, the outer potential φ(ξ, η; ) satisfies
and, by virtue of the conditions at infinity, φ → 0 at large distances from O within the fluid. The assumptions Kl, l/a 1 mean that, from the point of view of an observer in the outer region, the structures appear as point disturbances to the flow and the outer region is simply the half-plane η > 0. Outer eigenfunctions (satisfying φ = 0 on F ) are: Re ζ −n j for odd integers n > 0; Re iζ −n j for even integers n > 0. These eigenfunctions will be needed later.
There are two inner regions within distances much less than l of each of the cylinders. For inner region j in the vicinity of cylinder j, non-dimensional inner coordinates are chosen as
(note that ξ j = X j and η = Y ) and the complex variable Z j = −Y + iX j will also be used. Each inner potential Φ j (X j , Y ; ) satisfies
and the normal derivative of Φ j on Γ j must be specified. An inner solution can be decomposed as
where Φ j is a sum of plane waves, and Ψ j is free of waves but does not, in general, decay at large distances. For P ∈ {A, B, C, D}, incoming-wave amplitudes I P and outgoing-wave amplitudes J P are defined by
Matching between the regions is carried out using the principle described by Crighton & Leppington [11] in which terms of the form m log are grouped together with terms in m (although no such logarithmic terms appear in this paper). Let φ (m) denote the expansion of the outer solution as far as terms in m . When written in terms of the inner coordinates for cylinder j and re-expanded as far as terms in n this potential is denoted by φ 
The surface layers
The inner solutions contain propagating waves but, because of the chosen scaling and the resulting modified free-surface condition (3), the outer solution does not. To fully describe the flow field additional surface layers are needed which are the continuation of the outer region up to the free surface (both outside and between the cylinders). In a surface layer the solution is a composite of the outer solution and the appropriate wave trains associated with the inner regions. A conventional radiation condition cannot be applied to every term in the inner solutions as terms that grow with increasing distance from each O j are needed in the matching. However, such a radiation condition must be applied to the solution in the outer surface layers.
The surface layer between the cylinders connects the incoming wave at C to the outgoing wave at B and the incoming wave at B to the outgoing wave at C, so that
These connections may lead to resonance and this prevents the direct application of the method of matched asymptotic expansions as, near resonance, small changes in the expansion parameter lead to large changes in the wave amplitudes, and it is not possible to apply the above-described matching principle directly. Alker [10] overcomes this difficulty by first solving a series of unphysical subsidiary matching problems for which the magnitudes of terms are clear, and then combining their solutions in such a way as to obtain the solutions of specific scattering and radiation problems. Alker's scheme is followed here and the solutions of these subsidiary problems are given in sections 4 and 6.
Isolated cylinders
The approximate solutions for the interactions between two cylinders obtained in this paper are given in terms of the scattering and radiation properties of the individual cylinders when in isolation. The notation to be used for the isolated cylinders is described in the present section and, where appropriate, is given in terms of the inner coordinate systems defined above.
Scattering problems
In the case that cylinder j is held fixed and subject to an incident wave, the total (incident plus scattered) potentials are written Φ ± jT , j ∈ {1, 2}, where
and N is an inward normal coordinate to Γ j scaled by K −1 as in the definitions (4) of the inner coordinates. Further,
corresponds to an incident wave from the left, and
corresponds to an incident wave from the right. Here r ± j and t ± j are respectively the reflection and transmission coefficients for waves incident on cylinder j. The force per unit length acting on cylinder j in direction p due to an incident wave of amplitude A is
where, for Γ j , s is the dimensional tangential coordinate, and n p is the component of the inward normal in the direction of p; non-dimensional exciting forces are defined by
with the arc length S now a dimensionless inner coordinate (n p is dimensionless by definition).
Radiation problems
The radiation potential for the forced oscillations in mode p of cylinder j in isolation is denoted by Φ jp and it satisfies
so that, in view of the scaling of the inner coordinates, the conventional radiation potential is Φ jp /K. When giving particular examples, the index p = 1 denotes surge and p = 3 denotes heave (the general expressions can also be applied to roll motions, although no calculations for roll are presented here). Amplitudes A ± jp are defined through
so that each A ± jp is made non-dimensional using the length scale a, and these amplitudes are related to the exciting forces by
The force on cylinder j in direction q due to oscillations in mode p may be described in terms of an added-mass coefficient µ j,pq (scaled by ρa 2 ) and a damping coefficient ν j,pq (scaled by ρωa 2 ) [12, section 1.3.4]; thus
4 Subsidiary scattering problems
As mentioned in section 2.2, the solutions of interaction problems are constructed from the solutions of subsidiary problems that do not involve the surface layers along which waves propagate. The particular subsidiary problems that are required for the solution of scattering problems are now described (further subsidiary radiation problems are outlined later in section 6). In a subsidiary scattering problem, an incident plane wave is specified on one side of a cylinder, and then a formal matching is used to determine the four outgoing waves (two from each cylinder) generated by the incident wave. The problems are not physical as the right-going wave emanating from cylinder 1 does not give an incoming wave at cylinder 2, and the left-going wave emanating from cylinder 2 does not give an incoming wave at cylinder 1. Hence, the only incoming wave at any cylinder is the initially-specified incident wave. The procedure involves matching between the inner and outer regions with no reference to the surface layers. As the subsidiary problems described in this section are of scattering type, in each problem the inner potentials must have zero normal derivative on Γ j , j ∈ {1, 2}. For cylinder 1 the potentials for waves incident from the left and right are respectively
and for cylinder 2 the potentials for waves incident from the left and right are respectively
For each Q ∈ A, B, C, D, formal matching through the outer solution leads to outgoing waves
from cylinder 1 and
from cylinder 2 and for each incident wave, identified by the index Q, the aim is to determine the outgoing wave amplitudes
as noted earlier, this is the notation used in [10] . First of all consider the scattering of the incident wave Φ A I . The leading-order solution in inner region 1 is just the isolated-cylinder potential Φ − 1T that was introduced in section 3. Exterior to a semicircle with end points on the free surface and completely enclosing Γ 1 , the scattered field can be written as the multipole expansion (see Ursell [13, 14] )
where the multipoles G m are defined in appendix A and, in principle, this multipole expansion may be used for any value of Ka. The leading-order inner solution for cylinder 1 is
where S is defined in equation (92). From the results in appendix A, the wave-free part Ψ
1 has an outer expansion
in terms of the outer coordinates. From equation (3), the free-surface boundary condition for the leading-order outer solution is
(so that the leading-order outer solution is an eigenfunction) and it is immediate that, in order to match with Ψ
, this leading-order solution is
As ζ 1 = ζ 2 + i = Z 2 + i, the inner expansion of this outer solution at cylinder 2 is
Guided by this last result, the leading-order inner potential for cylinder 2 is written as
Here, both 1−Y and Φ 23 are harmonic functions and are constructed to satisfy separately the inner free-surface condition (5). In addition, Φ 23 is used to ensure that Φ A
2 has zero normal derivative on cylinder 2, and hence it is required that
where N is the inward normal to Γ 2 . It follows that Φ 23 /K is a conventional heave potential for cylinder 2 in isolation (see section 3.1) which, in particular, describes waves that are outgoing from cylinder 2. It follows from the multipole expansion
and the properties of the multipoles given in appendix A, that the wave-free part of Φ 23 makes no contribution to the particular outer expansion Ψ
and, as a consequence, the matching requirement φ
is easily verified. From equation (26) , the outgoing waves from cylinder 1 have amplitudes
while from equations (31) and (18) the outgoing waves from cylinder 2 have amplitudes
The reflection and transmission coefficients, r ± j and t ± j respectively, are defined in section 3.1, and the radiated wave amplitudes A ± 23 are defined in section 3.2. The number a 2 − a 0 is the coefficient of the dipole in the far-field expansion of wave scattered by cylinder 1, and McIver [15] has shown that this may be related to the vertical exciting force on the cylinder. An application of Green's theorem to Φ − 1T and 1 − Y within the inner region about cylinder 1 yields
(see [15] for further details). Thus, the outgoing wave amplitudes may be expressed entirely in terms of standard hydrodynamic quantities as
Similar procedures to the above yield the leading-order approximations:
One observation is that the terms in 2 are zero when there are no waves radiated in heave, so that A ± j3 ≡ 0. Thin vertical barriers have this property for all wave frequencies, and hence the WSA can be expected to be particularly accurate for this geometry (a comparison of the WSA with more accurate results is given in [2, figure 3] ). The extended analysis given in appendix B indicates that for thin barriers the first non-zero correction is at order 3 .
Hydrodynamic forces
Hydrodynamic forces on the cylinders can be calculated by direct integration of the inner solutions. For subsidiary problem A, from equations (16) and (26) the leading-order force on cylinder 1 in mode p is
From equation (31), the leading-order force on cylinder 2 in mode p is
where equations (20) and (36) have been used and, in terms of dimensional coordinates,
Similar calculations for the other subsidiary problems yield:
For surge (p = 1) and heave (p = 3), γ jp is readily evaluated using the divergence theorem. From that theorem, for any continuously differentiable scalar field χ
where e p is a unit vector in the direction of mode p, W j is the intersection of cylinder j with the free surface, V is used to denote area, and V j is the cross-sectional area of the submerged part of cylinder j. With χ = (1 − Ky)/a equation (47) yields
In the case that Γ j is symmetric about a vertical line, µ 1,31 = ν 1,31 = 0 and then the corresponding order 2 contributions to X P j1 are identically zero. This does not mean that, for horizontal forces on a structure, the EWSA is the same as the WSA as there are other contributions from the waves in the surface layer.
Scattering problems
In a scattering problem the cylinders are held fixed. Each outgoing-wave amplitude J P (see section 2.1) is obtained from the sum all of the waves propagating away from P as a result of the waves incident upon both of the cylinders, so that
Each J Q P is one of the amplitudes given in equations (37)-(40). For definiteness, the scattering of an incident wave from the left is considered, with the aim of determining the overall reflection and transmission coefficients denoted by R and T , respectively. With the phases of the waves measured relative to O 1 , this scattering problem corresponds to the choices
to give
Solution of equations (51) for P equal to B and C, together with the connection conditions in equation (11), yields I B and I C , and then J A and J D give the overall reflection and transmission coefficients. The above procedure is essentially the same as that used in obtaining the standard WSA. In fact, with a phase adjustment to account for a different choice of origin and taking the scatterers to be identical, [1, equations (3.1)-(3.4)] are recovered from equations (11) and (51) by setting = 0. For simplicity, only the case of two identical cylinders with each Γ j symmetrical about x j = 0 is considered in detail. Thus, with
solution of the system of equations gives
and hence the reflection coefficient
and the transmission coefficient
In the above
In view of the terms omitted in the matching procedure, the numerators and denominators in the expressions in equations (53)-(55) have all been truncated to order 2 . In the limit as → 0, and after adjustment of the phase to account for a different choice of origin, the above expressions for R and T are consistent with those given by Newman [1] .
Zeros of reflection and transmission
Newman [1] showed that when |r| < 1 the leading-order approximation to the reflection coefficient R is zero provided Kl = nπ − δ r , where δ r = arg r. A refined approximation can be obtained from equation (54) using the following identities that are either given in [12, section 1.4], or can be obtained from the results therein:
here δ t = arg t and δ 3 = arg A 3 . After a little algebra it is found that, provided |r| = 0, R = 0 when
which has two roots satisfying
for each integer n that is sufficiently large for the original assumptions to hold. For fixed Ka, so that the hydrodynamic properties of an isolated cylinder are fixed, as the spacing parameter l/a → ∞ the zeros of R approach Newman's result: Kl = nπ − δ r .
The WSA does not give zeros of transmission unless t = 0 for one cylinder in isolation. However, the EWSA can predict zero transmission provided |t| = 0 is sufficiently small for the terms in the numerator of the expression for T given in equation (55) to be comparable in magnitude. Again with the aid of the identities in (57), a zero of transmission occurs when
provided |A 3 | = 0. For each sufficiently large integer n, equation (60) has two real solutions for Kl satisfying
provided the magnitude of the right-hand side of (60) does not exceed one. For sufficiently large values of l/a there are no real solutions for Kl, in agreement with the WSA. This behaviour for zeros of transmission is similar to that found for two thin vertical barriers [16, 17, 18, 19, 20] (despite the fact that, as noted earlier, the EWSA used to obtain (58) and (60) does not apply to thin barriers); in particular, see [19, figure 8 ]. Of course, these observations are based on approximations and there is no guarantee that the predicated zeros occur in the full problem for geometries other than the two vertical barriers for which a proof is available [16] .
Resonances
The denominator D appearing in equations (53)- (55), and defined in equation (56), has zeros in the lower half of the complex frequency domain at complex frequencies that are known as resonances [21] . In general, |D| is an order one quantity for real frequencies, but if a resonance has a small imaginary part then |D| is small for nearby real frequencies. With r extended analytically into a complex neighbourhood of the real K axis, according to the WSA D = 0 when Kl = nπ + i log r.
The resonance wavenumber is written as K = K n +iν n , where K n , ν n ∈ R, so that Taylor expansion about K = K n gives
here r denotes the derivative of r with respect to Ka in the real direction (that this derivative can be used follows from an elementary property of analytic functions of a complex variable), and both r and r are evaluated at Ka = K n a. Thus
and
Provided |r| = 1 − µ with the positive quantity µ 1, as l/a → ∞ a first approximation to imaginary part of the resonance is given by ν n l = log |r| and the resonance is close to the real frequency axis. Under the same conditions, a first approximation to the real part of the resonance is the solution of K n l = nπ − δ r where, for consistency with the initial assumptions, n is a large positive integer; this is the same as Newman's result for a zero of reflection so that, provided 1 − |r| is sufficiently small, zeros of reflection for a cylinder pair occur at frequencies close to the resonance frequencies. In general, rapid changes in any hydrodynamic quantity can be expected for real frequencies near a resonance that has a small imaginary part. For submerged cylinders |r| is small for almost all (and, for many geometries, all) real frequencies so that, in general, resonances are not close to the real axis and D is not close to zero. Thus, the resonances are weaker and, compared with surface-piercing structures, less rapid changes in hydrodynamic quantities are expected.
From expressions given in section 2 together with equations (53), under the WSA the potential for the surface-layer between surface-piercing cylinders is
so that near resonance, and with |r| = 1 − µ as above,
For even n this approximation is a standing wave that is symmetric about x = 0, and for odd n it is a standing wave that is antisymmetric about x = 0. In both cases the amplitude is inversely proportional to µ 1/2 , and hence much larger than one when µ is small. Similar resonant motions for a pair of rectangular cylinders forced to oscillate vertically are studied in [22, 23] .
Numerical results and wave forces
The WSA and EWSA results for the reflection and transmission coefficients are compared, in figure 2, with numerical results obtained by a constant-element boundary-integral method (the same numerical method was used to determine the single-cylinder properties required for the approximations). Throughout the paper two geometries will be used for illustration. These are: a pair of surface-piercing rectangular cylinders each of width 2a and wetted height a/2; a pair of circular cylinders each of radius a, and with their centres submerged to a depth 5a/4. The vertical lines of symmetry of the cylinders are a distance l = 4a apart, so that the gap between cylinders is the same width as a single cylinder. For large Ka the two approximations are in close agreement, and hence attention is restricted to Ka ∈ [0, 2]. For the particular pair of rectangular cylinders used in the calculations, Newman's approximation predicts two zeros of reflection for Ka ∈ [0, 2] at Ka ≈ 0.49, 1.67. From the discussion in section 5.2 these values of Ka are also associated with resonances near which rapid changes in all hydrodynamics quantities can be expected, unless they are suppressed by a symmetry. The resonance at Ka ≈ 0.49 corresponds to a symmetric mode, and that at Ka ≈ 1.67 to an antisymmetric mode.
One feature of the approximations for surface-piercing structures is apparent in figure 2(a) ; the WSA gives the correct zero-frequency limit, but this is no longer true for the EWSA as 2 p 3 tends to a non-zero value as Ka → 0 (see [24] for detailed information about low-frequency limits). Consequently, while the EWSA gives a small improvement on the PWA for higher frequencies, the WSA is good at low frequencies despite the fact that the original assumptions are badly violated. Also notable in figure 2(a) are the values of Ka for which |T | = 1 (so that R = 0); these are close to the values predicted by Newman's approximation.
A single submerged circular cylinder has the property that it does not reflect waves of any frequency [25] , and the WSA then predicts that R ≡ 0 for a pair of cylinders. However, the EWSA predicts a non-zero reflection at all frequencies and, as shown in figure 2(b) there is reasonable agreement with numerical results even at low frequencies. For submerged structures the zerofrequency limit is correct in the EWSA.
Hydrodynamic forces are calculated by a similar principle to that used to obtain (49) in that the contributions from each of the incident waves are combined. Thus, the total force on cylinder j in mode p is
where the incident wave amplitudes I P , P ∈ {A, B, C, D}, are determined as above, and the X P jp are given in section 4.1. For the particular scattering problem described by (50), the potential amplitude I A = 1 so that after suitable scaling (see equation (15)), the non-dimensional force for an incident wave of free-surface amplitude A is
Illustrative results for the total horizontal and total vertical forces on the cylinder pairs are given in figures 3 and 4, respectively. For the EWSA the non-dimensional total horizontal force is
and the non-dimensional total vertical force is
(the hydrodynamic coefficients for cylinder 2 have been set equal to those for cylinder 1); the WSA is recovered by setting = 0. Again the ability of the WSA to capture the zero-frequency behaviour ensures consistently good results for both geometries and both forces. The EWSA does give the correct zero-frequency limit for the horizontal force F 1 even for the surface-piercing cylinders, and in this case both approximations perform very well at low frequencies. For the submerged cylinders the EWSA gives a marked improvement over the WSA in the low-frequency range. One feature of the results in equations (70) and (71) is the different expressions in the denominators. This is explained by the symmetries of the resonances associated with the zeros of D. The surge force selects the antisymmetric resonances, while the heave force selects the symmetric resonances. Similar observations apply to the results for radiation problems given below.
6 Radiation problems
Subsidiary radiation problems
Radiation problems, in which one or both of the cylinders oscillate in a prescribed fashion, require the solution of additional subsidiary problems [10, section 6] . As in the problems described in section 4, these subsidiary problems are unphysical and involve only the outgoing waves determined directly from the radiation, and from matching between the two inner regions and the outer region. They do not involve interactions arising from the waves in the surface layers.
Consider the problem in which cylinder 2 is held fixed while cylinder 1 oscillates in mode p, so that the leading-order inner solution for cylinder 1 is
(see section 3.2). The potential Φ 1p has a multipole expansion identical in form to that given in equation (25) , and hence the matching procedure is essentially the same as that already described in section 4. Thus, the leading-order inner solution for cylinder 2 is, from equation (31),
and an application of Green's theorem to Φ 1p and 1 − Y within the inner region around cylinder 1 yields
Again, the leading-order inner potentials are fully determined in terms of conventional hydrodynamic quantities for the cylinders in isolation. In a modification of the notation introduced in equations (23) and (24), the amplitudes of the outgoing waves forced by the oscillations of cylinder 1 in mode p are
A similar procedure applied to the problem in which cylinder 1 is held fixed while cylinder 2 oscillates in mode p, yields the outgoing-wave amplitudes
where
The contributions to the added mass and damping coefficients from the above subsidiary solutions are determined by appropriate integration of the inner solutions and are as follows. For the forced oscillations of cylinder 1 in mode p, the coefficients for cylinder 1 in the direction q are given by
and the coefficients for cylinder 2 in the direction q are given by
Similarly, for the forced oscillations of cylinder 2 in mode p, the coefficients for cylinder 1 in the direction q are given by
and the coefficients for cylinder 2 in the direction q are given by 
Assembly of solutions to radiation problems
The waves in the surface layer outgoing from each cylinder are assembled in the manner of equation (49). In the case that cylinder j oscillates in mode p with the second cylinder fixed, the outgoing wave from P has amplitude
The two equations with P equal to B and C, together with the connection conditions (11), may be solved for I B and I C and then J A and J D give the outgoing waves from the cylinder pair.
To illustrate the calculation of hydrodynamic coefficients, consider the forced oscillations of cylinder 1 in mode p so that the inner potential for cylinder 1 satisfies ∂Φ 1 /∂N = n p on Γ 1 . To the order used here, the inner potential at cylinder 1 is therefore
where Φ 1p is one of the isolated-cylinder radiation potentials introduced in section 3.2, Φ + 1T is one of the isolated-cylinder scattering potentials introduced in section 3.1, and Φ C (2) 1 is the inner potential forced by plane-wave incidence from the left on cylinder 2 and that arises from matching through the outer region -see section 4. The non-dimensional added mass and damping coefficients that describe the force on cylinder 1 in the direction of mode q are
where the division by K arises from the scaling of the inner coordinates, and X B kq and X C kq are defined in section 4.1. Similar calculations give that, in general, the added mass and damping coefficients for the cylinder pair are µ jp,kq + iν jp,kq = µ jp,kq + i ν jp,kq + 1
As a first example, consider the simultaneous surging of two identical, symmetric cylinders so that J between the cylinders the far-field outgoing-wave amplitudes are
where p 3 is defined in equation (56). For the pair of cylinders together, the added mass and damping coefficients for the surge force are given by
(the hydrodynamic coefficients for cylinder 2 have been set equal to those for cylinder 1). Results for surface-piercing rectangular cylinders are not shown as both the WSA and EWSA give values for the hydrodynamic coefficients that, on the scales used here, are virtually graphically indistinguishable from the boundary-element results even at low frequencies. For the case of submerged circular cylinders, shown in figure 5 , both approximations perform well, although the EWSA is noticeably more accurate. For µ 11 shown in figure 5(a) , there is an obvious discrepancy between both approximations and the numerical results at the higher end of the displayed frequency range. This seems to be a genuine feature of the approximations as varying the number of panels used in the boundary-element method does not significantly affect the comparisons, while further comparisons for l/a = 8 (not shown) give graphically indistinguishable results for Ka 0.3. Now consider the simultaneous heaving of two identical, symmetric cylinders so that J 
In the limit → 0, and with appropriate adjustment of the phase, the last expression agrees with [5, equation (3.8) ]. For the pair of cylinders together, the added mass and damping coefficients for the heave force are given by
which agrees with with [5, equation (3.17) ] in the limit → 0. In contrast to the surge result in equation (87), there is now a contribution (the second term) from the hydrodynamic interactions that occur in the subsidiary radiation problems described in section 6.1. Comparisons of the heave approximations given by equation (89) with boundary-element calculations are shown in figures 6 and 7. Again, for the surface-piercing cylinders the behaviour at low frequencies is much better captured by the WSA, while the EWSA is markedly superior for the submerged cylinders.
Discussion
In the present work, an extended wide-spacing approximation for the hydrodynamic interactions between long horizontal cylinders in infinite-depth fluid has been obtained. The main assumptions are that the spacing between cylinders is much greater than both a typical cylinder dimension and the wavelength. Numerical calculations suggest that, when applied to surface-piercing cylinders, the new approximation does not improve significantly upon the standard approximation based on plane-wave interactions. Indeed, for low frequencies it is sometimes significantly poorer as the extended approximation does not always yield the correct low-frequency limit. However, the extended approximation does give a significant improvement for submerged cylinders, even at low frequencies. The work here deals only with the case of two cylinders, but the extension to an arbitrary number is straightforward. Explicit wide-spacing approximations for particular surface-piercing geometries (for example those studied in [8, 9] ) could be obtained by adopting the assumptions that the cylinder spacing is much greater than typical cylinder dimensions, which are in turn much greater than the wavelength. With these assumptions a scheme of matched asymptotic expansions could be based on a division of the fluid domain into three types of region: an outer region in which the cylinders appear as point disturbances, intermediate regions around each cylinder, and inner regions in the neighbourhood of free-surface intersections.
In the infinite-depth problems considered here the extended approximation is obtained by accounting for evanescent terms that decay algebraically with distance. For a fluid with a finite depth that is comparable to the other length scales in the problem, evanescent interactions are due to terms that decay exponentially with distance and it therefore seems unlikely that an extended wide-spacing approximation would ever be numerically advantageous. A more interesting case is that of a long horizontal plate in deep water that is submerged to a depth that is much larger than its length. For this geometry evanescent modes decay exponentially above the plate, but beneath the plate the ends interact algebraically.
The original motivation for this work was to obtain explicit approximations to complex resonances and to demonstrate their influence in the time domain. This will be the topic of a separate paper.
B Continuation of the solution
It is straightforward to obtain the orders of the next terms in the expansions of the outgoing wave amplitudes for the subsidiary problems described in section 4. This is done here for the particular problem discussed in detail in section 4, namely wave incidence from the left on cylinder 1.
Continuation of the outer expansion of Ψ 
From equations (3) and (29) the outer solution at order 2 requires a particular solution φ P satisfying
A suitable solution is simply φ P = −(a 2 − a 0 ) Re{1/ζ 2 1 }, and hence an outer solution able to match with (98) where the harmonic function Φ 24 satisfies
The presence in Φ 
